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1. INTRODUCTION
We cxplain a complexfication of the Hopf bundle on the complex projective space. Thcbase space is isomorphic to the punctured cotangent bundle of the complex projectivespace and the total space is an open subset of the cotangent bundle of the sphere, bothof which are K\"ahler manifolds whose K\"ahler forms coincide with the natural $\mathrm{s}\mathrm{m}$ lect.$\mathrm{y}\mathrm{m}\mathrm{p}\mathrm{e}\mathrm{C}1\mathrm{C}$forms $\mathrm{r}\mathrm{c}\mathrm{f}^{\backslash },\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{c}\mathrm{l}\mathrm{y}$ . Then wc dcfinc Hilbcrt spaces on both of thc basc space and the
total space consisting of $L_{2}$-holomorphic functions with respect to Ineasures dependingon certain parameters. The main purpose is to give a relation among the measures whenthe pull-back operator by $l$he projection map of this principal bundle has a close ima $\mathrm{e}$$\mathrm{g}$and show that the comparison operator of thc quantization operator constructcd $\mathrm{b}$ fibcr$\mathrm{y}$ $\mathrm{c}$integrations and that through the complexfied Hopf fiberation is a zeroth order seudo-$\mathrm{p}$differential operator on the complex pro.$|\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ space.
2. HILBERT SPACE ON QUADRICS
Let $S^{\mathrm{v}n}= \{(x_{0}, \cdots, x_{n})\in \mathbb{R}^{n+1}|\sum x_{k}^{2}=1\}$ be the $n$-dimensional spher$e$ with thestandard Riemann mctric induced fr$o\mathrm{m}$ the Euclidean metric on $\mathbb{R}^{n+1}$ . We identify the
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tangent bundle $T(S^{n})$ and thc cotangcnt bundle $T^{*}(S^{n})$ by this mctric and realize them
as a subspac$e$ in $\mathbb{R}^{n+1}\cross \mathbb{R}^{n+1}$ :
$T(S^{n})^{*}\cong T(S^{n})$
$=\{(x, y)\in \mathbb{R}^{n+1}\cross \mathbb{R}^{n+1}$ I $\sqrt{\sum x_{k^{2}}}=||x||=1,$ $(x, y)= \sum x_{k}y_{k}=0\}$ .
The symplectic form $\omega_{S}$ and the canonical one form $\theta_{S}$ on $T$“ $(S^{n})$ are then the re-
strictions of the symplectic form $\sum_{k=0}^{n}dy_{k}$ A $dx_{k}$ and the canonical one form $\sum_{k=0}^{n}y_{k}dx_{k}$ on
$T^{*}(\mathbb{R}^{n+1})$ $0\mathbb{R}^{n+1}\cross \mathbb{R}^{n+1}$ respectively.
Let $T_{0}^{*}(S^{n})\cong \mathrm{E}_{S}=\{(x, y)\in T(S^{n})|y\neq 0\}$ be the punctured cotangent bundle, and
define the map
$\tau_{S}$ : $\mathrm{E}_{S}rightarrow \mathbb{C}^{n+1}\backslash \{0\},$ $(x, y)\mapsto z=||y||x+\sqrt{-1}y$ .
The map $\tau_{S}$ gives a diffeomorphism with the spac$e$
$\mathrm{X}_{S}=\{z\in \mathbb{C}^{n+1}|z^{2}=\sum z_{k}^{2}=0, z\neq 0\}$ ,
and through this map the canonical one form $\theta_{S}$ is expressed as
(2.1) $\theta_{s=}\sqrt{\frac{-1}{2}}(\partial||z||-\overline{\partial}||z||)$ .
and so the symplectic form $\omega_{S}$ is express$e\mathrm{d}$ as
$\omega_{S}=d\theta_{S}=\sqrt{-2}d\partial||z||=\sqrt{-2}\partial||z||$ .
Let $dvol_{S}$ be the Riemann volume form on the sph$e\mathrm{r}\mathrm{e}$ , then it is express$e\mathrm{d}$ as
$dvol_{S}= \sum_{k=0}^{n}(-1)^{k}x_{k}dx_{0}\wedge\cdots\wedge d_{X_{k}\wedge}^{\wedge}\cdots$ A $x_{n}$ .
Now we introduce inner products on the space of polynomials on $\mathbb{C}^{n+1}$ restricted to a
quadric $\mathrm{X}_{S}$ depending on two parameters $(h, N),$ $h>0$ and $N>-n$ as follows:
(2.2) $<p_{1},p_{2}>(h,N \rangle=\int_{\mathrm{X}_{S}}p_{1}(z)\overline{p_{2}(z)}e^{-h||z||},||z||^{N}\Omega_{S}$,
wher$e \Omega_{S}=\frac{(-1)^{n(n+1)/2}}{n!}\omega_{S}^{n}$ is the Liouville volume form.
When we decompose the quadric $\mathrm{X}_{S}$ as
$\mathrm{X}_{S}\cong \mathbb{R}_{+}\cross\Sigma(S),$ $\Sigma(S)=\mathrm{X}_{S}\cap\{z\in \mathbb{C}^{n+1}|||z||=1\}$ ,
the Liouville volume form $\Omega_{S}$ is decomposed as
$\Omega_{S}=t^{n-1}dt$ A $dv_{\Sigma(S\rangle}(\sigma),$ $(t, \sigma)\in \mathbb{R}_{+}\cross\Sigma(S)$
with a nowhere vanishing $(2n-1)$-form $dv_{\Sigma(S)}$ on $\Sigma(S)$ (volume form on $\Sigma(S)$ ) which is
invariant under the action (lifted to $\mathrm{X}_{S}$ ) of the orthogonal group $O(n)$ . By the condition
$N>-n$ , all polynomials (restrict$e\mathrm{d}$ to $\mathrm{X}_{S}$ ) are squareintegrable with respect to the
measure $dm_{(h,N)}(z)=e^{-h||z||}||z||^{N}\Omega_{S}(z)$ .
Definition 2.1. We denote the Hilbert space taken the completion from the space of
Polynomials with respect to this inner product $<\bullet$ , $\bullet>(h,N)$ by $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ .






Proposition 2.3. Let $n\geq 2$ , then there are no bounded holomorphic functions on the
quadric $\mathrm{X}_{S}$ .
Also we note
Proposition 2.4. $Th,e$ function $\varphi\in \mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ has the expansion of the form
$\varphi(z)=\sum_{k=0}^{\infty}\varphi_{k}(z)$ with k-th order polynomials $\varphi_{k}$ .
Then we have an expression of the norm of a function $\varphi$ in $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ : let




By this expression we have
Proposition 2.5. Let-n $<\tilde{N}\leq N_{f}$ then
(2.3) $\mathcal{H}^{2}(\mathrm{X}_{S)}dm_{(h,N)}(z))-\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,\tilde{N})}(z))$
and the inclusion map is continuous.
Theorem 2.6. Let 2$h_{0}=h$ and $N=2N_{0}+n/2$ then the operator
$T_{(h_{0)}N_{0})}^{S}$ : $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))arrow L_{2}(S^{n})$
is an isomorphism.
Let $P_{k}$ be the space of homogeneous polynomials of degree $k$ on $\mathbb{C}^{n+1}$ . If it is considered
on $\mathrm{X}_{S}$ , then we denote it by $P_{k}(\mathrm{X}_{S})$ .
Let $S_{k}=S_{k}(\mathbb{R}^{n+1})$ be the space of harmonic polynomials of degree $k$ on $\mathbb{R}^{n+1}$ and when
we consider their restrictions to the sphere, it is well known that this space is an eigenspace
of the Laplacian on the sphere with the eigenvalue $\lambda_{k}=k(k+n-1),$ $k=0,1,$ $\cdots$ and
the dimension is given by
$\dim S_{k}=\frac{\Gamma(k+n-1)(2k+n-1)}{k!\cdot(n-1)!}$.
For each $k\in \mathrm{N}$ , let $A_{k}^{S}$ : $S_{k}arrow P_{k}$ be a map defined by the integral
$A_{k}^{S}(f)(z)= \int_{S^{n}}f(x)<x,$ $z>^{k}dvol_{S}(x)$ ,
wh$e\mathrm{r}\mathrm{e}<x,$ $z>=. \sum_{1=0}^{n}x_{i}z_{i}$ is the bilinear form.
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Also for each $k$ , let $B_{(l\downarrow,N;k)}^{S}$ be a map from $P_{k}(\mathrm{X}_{S})$ to $S_{k}$ defincd by
$B_{(l\iota,N;k)}^{S}(p)(x)= \int_{\mathrm{X}_{S}}p(z)<x,$ $\overline{z}>^{k}e^{-h||z||}||z||^{N}\Omega_{S}(z)$ .
Remark 2.7. Let $\triangle$ be the Laplacian on $\mathbb{R}^{n+1}$ , then for $z\in \mathrm{X}_{S}$ we have $\Delta(<x, \overline{z}>^{k})=0$ ,
which shows that the polynomial dcfined by the above integral is a harmonic polynomial.
Let $C_{(h,N_{i}k)}^{S}$ be a map from $P_{k}(\mathrm{X}_{S})$ to $\prime p_{k}(\mathrm{X}_{S})$ defined by the integral
$C_{(h,N;k)}^{S}(p)( \lambda)=\int_{\mathrm{X}_{S}}p(z)<\overline{z},$ $\lambda>^{k}e^{-h||z||}||z||^{N}\mathrm{f}l_{S}(z),$ $(N>-n)$ .






The explicit values of the constants $a_{k}^{S}(h, N),$ $b_{k}^{S}(h_{0}, N_{0})$ and $c_{k}^{S}(h, N)$ are given as
$a_{k}^{S}(h, N)= \frac{\Gamma(n)\mathrm{V}\mathrm{o}\mathrm{l}(\Sigma(S))\mathrm{V}\mathrm{o}\mathrm{l}(S^{n-2})}{h^{n+N}}\cross$
$\cross\frac{\Gamma(k+1)^{2}\Gamma(2k+N+n)}{2^{k}\cdot h^{2k}(2k+n-1)\Gamma(k+n-1)\Gamma(k+(n+1)/2)}$ ,
$b_{k}^{S}(h_{0}, N_{0})= \frac{1}{\dim S_{k}}\cdot Vol(\Sigma(S))\frac{\Gamma(k+.N_{0}+n)}{(\sqrt{2})^{k}h_{0}^{k+N_{0}+n}}$
$c_{k}^{S}(h, N)= \frac{1}{\dim S_{k}}\cdot \mathrm{V}\mathrm{o}\mathrm{l}(\Sigma(S))\frac{\Gamma(2k+N+n)}{h^{2k+N+n}}$ ,
where the constant $\mathrm{V}\mathrm{o}\mathrm{l}(\Sigma(S))$ is the volume of $\Sigma(S)$ with resp$e\mathrm{c}\mathrm{t}$ to the volume form
$dv_{\Sigma(S)}$ .
Remark 2.8. All thcsc operators $T_{(h_{0},N_{0})}^{S}$ : $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(2h_{0},2N_{0}+n,/2)})arrow L_{2}(S^{n})$ are not
unitary, but each restriction on $P_{k}(\mathrm{X}_{S})$ is a constant multiple of a unitary operator.
Theorem 2.9. Let $N\geq\tilde{N}>-n$ , and put $h_{0}=h/2-1’ N_{0}=1/2(N-n/2)$ and $\tilde{N}_{0}=$
$1/2(\overline{N}-n/2)$ , then the operator $T_{(h_{0},\tilde{N}_{0})}^{S}\mathrm{o}T_{(h_{0},N_{0})}^{S}$ : $L_{2}(S^{n})arrow L_{2}(S^{n}),$ $i.e$ .
$L_{2}(S^{n})\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))\tau_{(hN)}^{s_{\underline{\mathrm{O},0}_{\rangle}}-1}arrow \mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,\overline{N})}(z))arrow L_{2}(S^{n})\tau_{(h\overline{N})}^{s_{0,0}}$
is a Pseudo-differential operator of order $\frac{1}{2}(\tilde{N}-N)$ .
Corollary 2.10. Let-n $<\tilde{N}<N$ , then the inclusion map (2.3) is compact.
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Corollary 2.11. Let $N-\overline{N}>2n_{f}$ then the operator $T^{S}$ $\mathrm{o}T^{S}$ $\sim 1$
$(h_{\mathrm{O}},\tilde{N}_{0})$ $(h_{0},N_{0})$ is a trace class
operator and the trace is given by
$\mathrm{t}\mathrm{r}(T_{(h_{0},\tilde{N}_{0})}^{S}\mathrm{o}T_{(h_{0},N_{0})^{-1}}^{S})=(h/2)^{(N-\tilde{N}\rangle/2}\sum_{k=0}^{\infty}\frac{\Gamma(k+\tilde{N}/2+(3n)/4)}{\Gamma(k+N/2+(3n)/4)}\dim S_{k}$ .
For each $N>\tilde{N}$ , the operator $T^{S}$
$(h_{0},\tilde{N}_{0})$
maps the space $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ onto the
Sobolev space on $S^{n}$ of order $(N-\tilde{N})/2$ , we have
Corollary 2.12. The projective limits
$\lim_{arrow}\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N’)}(z))\cong\bigcap_{N’}\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N’)}(z))$
is mapped onto the space $C^{\infty}(S^{n})$ by the map $T_{(h_{0},N_{0})}^{S}$ , where $h_{0}>0$ and $N_{0}>-3n/4$ .
For the proof of Theorem 2.9 we employ a criterion for an operator defined by func-
tional calculus of a positive selfadjoint elliptic Pseudo-differential operator to be a pseudo-
diffcrcntial opcrator. Here we statc the theorcm (cf. [Ta]):
Theorem 2.13. Let $A$ be a first order positive elliptic Pseudo-differential operator ofclassical type defined on a closed manifold $\mathrm{A}f$ and let
$A= \int_{0}^{+\infty}\lambda dE_{A}(\lambda)$
be the spectral decomposition of A $u$)$ith$ the spectral measure $\{E_{A}(\lambda)\}$ . Let $f\in S_{10}^{m}(\mathbb{R})$
$(m\in \mathbb{R})$ be in $f,he$ symbol class of Hormander, that, is $funcf,ionf$ sati,$9fies$
$| \frac{d^{\ell}}{dt^{\ell}}(f)(t)|\leq C_{\ell}(1+|t|)^{m-\ell}$
$forany\ell withconstantC_{\ell}>0$ . Then
(2.4) $f(A)= \int_{0}^{+\infty}f(\lambda)dE_{A}(\lambda)=(2\pi)^{-1/\mathrm{z}}\int_{-\infty}^{\infty}f(t)e^{\sqrt{-1}lA}dt\wedge$
is a pseudo-differential operator in the class $L_{1,0}^{m}(M)$ , where
$f(t)=(2 \pi)^{-1/2}\wedge\int_{-\infty}^{\infty}e^{-\sqrt{-1}tx}f(x)dx$
is the Fourier transformation of $f$ .
3. REPRODUCING KERNEL
In this section wc give a formula of the rcproducing kcrnel of the Hilbert space $\mathcal{H}^{2}$
$(\mathrm{X}_{S}, dm_{(h,N)}(z))$ and state an asymptotic Property of it. Then as an application of the
operator $T_{(h,N)}^{S}$ and the existence of the reproducing kernel, we give an interpretation of
a quantization of a free particle in the sense of classical mechanics.
By the properties listed in the preceding section we know that the Hilb$e\mathrm{r}\mathrm{t}$ space
$\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ has the reproducing kernel $\mathcal{K}_{(h,N)}^{S}(z, \lambda)(=\mathcal{K}^{S}(z, \lambda)$ , when the param-




$= \sum_{k=0}^{\infty}\frac{1}{a_{k}^{S}(h,N)}\int_{S^{n}}<x,$ $z>^{k}<x,$ $\overline{\lambda}>^{k}dvol_{S}(x)$ .
Note that for each $k$ , we have
$\frac{1}{a_{k}^{S}(h,N)}I_{S^{n}}<x,$ $z>^{k}<x,$ $\overline{\lambda}>^{k}$ dvol$s(x)= \frac{1}{c_{k}^{S}(h,N)}<z,$ $\overline{\lambda}>^{k}$
and the series converges on the whole space $\mathbb{C}^{n+1}\cross \mathbb{C}^{n+1}$ .
We also give an integral representation of the reproducing kernel $\mathcal{K}_{(h,N)}^{S}(z, \lambda)$ for $N>0$ :
$\mathcal{K}_{(h,N)}^{S}(z, \lambda)$
$=C(h, n, N) \cdot 2\cdot h^{2}\cdot\frac{1}{2\sqrt{\pi}}\frac{1}{\Gamma(N+1)}\cdot\frac{1}{\Gamma(1/2)}\cdot<z,\overline{\lambda}>\cross$
$\cross\int_{0}^{1}\int_{0}^{1}\int_{0}^{1}\frac{s^{n-1}(1-s)^{N+1}(1-t)^{N}}{\sqrt{u(1-u)}}\cosh(\sqrt{s(1-s)tu(2h)^{2}<z,\overline{\lambda}>})dsdtdu$
$+C(h, n, N) \cdot(n-1)\cdot\frac{1}{\Gamma(N)}\cdot\frac{1}{2\sqrt{\pi}}\cdot\frac{1}{\Gamma(1/2)}\cross$
$\cross\int_{0}^{1}\int_{0}^{1}\int_{0}^{1}\frac{s^{n-2}(1-s)^{N}(1-t)^{N-1}}{\sqrt{u(1-u)}}\cosh(\sqrt{s(1-s)tu(2h)^{2}<z,\overline{\lambda}>})dsdtdu$,
where the constant $C(h, n, N)$ is
$C(h,n, N)= \frac{h^{n+N}}{Vol(\Sigma(S))\cdot\Gamma(n)}$.
Since $\cosh$ is an even function, the function $\cosh(\sqrt{s(1-s)tu(2h)^{2}<z,\overline{\lambda}>})$
can be defined for any $z\in \mathbb{C}$ and $\lambda\in \mathbb{C}$ without ambiguity.
As an application of the fact that the series (3.1) converges for any $z$ and $\lambda\in \mathbb{C}^{n+1}$ ,
every function in $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ can be extended to the whole complex plan$e$ : let
Holo $(\mathbb{C}^{n+1})$ be the space of holomorphic functions on $\mathbb{C}^{n+1}$ with the topology of the locally
uniform convergence, then for $f\in \mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ , by the expression





In the case of the Segal-Bargmann space $\mathcal{H}^{2}(\mathbb{C}^{n},$ $\frac{1}{\pi^{n}}e^{-||z||^{2}}\Omega_{\mathrm{R}})$
$\mathcal{H}^{2}(\mathbb{C}^{n},$ $\frac{1}{\pi^{n}}e^{-||z||^{2}}\Omega_{\mathrm{R}})$
$=\{f|f$ is holomorphic on $\mathbb{C}^{n}$ and $||f||^{2}= \frac{1}{\pi^{n}}\int_{\mathbb{C}^{n}}|f(z)|^{2}e^{-\}|z|\}^{2}}\Omega_{\mathrm{R}}<\infty\}$
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( $\Omega_{\mathrm{N}}$ dcnotes thc Liouville volume form on $T^{*}(\mathbb{R}^{n})\cong \mathbb{C}^{n}$ , or the Lebesgue measurc on
$\mathbb{R}^{2n})$ , the reproducing kernel is $\mathcal{K}^{\mathrm{R}}(z, \lambda)=e^{<z,\lambda>}$ and the product
$\mathcal{K}^{\mathrm{R}}(\lambda, \lambda)e^{-||\lambda||^{2}}\Omega_{\mathrm{R}}=\Omega_{\mathrm{R}}$
returns to the Lebesgue measure on $\mathbb{R}^{2n}$ .
We state here a corresponding property of the product of the reproducing kernel re-
stricted to the diagonal and thc weight function of the volume form for dcfining the Hilb$e\mathrm{r}\mathrm{t}$
space $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ :
Theorem 3.2. For $N>-n$ , rational number (this assumption would be removed),
$\mathcal{K}_{(h,N)}^{S}(\lambda, \lambda)\mathrm{c}^{-l\iota||\lambda||}||\lambda||^{N}=O(1)$ .
Let $\{g_{t}\}_{t\in \mathrm{R}}$ be the geodesic flow action on $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ , i.e.
for $\varphi=\sum_{k=0}^{\infty}\varphi_{k}(z)\in \mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ with homogeneous $\varphi_{k}$ of degree $k$ ,
$g \downarrow(\varphi)(z)=\varphi(e^{\sqrt{-1}t}\cdot z)=\sum e^{\sqrt{-1}tk}\varphi_{k}(z)$ .
Then we have
Theorem 3.3.
(3.2) $T_{(h,N)}^{S}\mathrm{o}g_{\iota}=e^{-t\sqrt{-1}(n-1)/2}e^{\sqrt{-1}t\sqrt{\Delta+((n-1)/2)^{2}}}\circ T_{(h,N)}^{S}$ .
Since the Hilb$e\mathrm{r}\mathrm{t}$ space $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h,N)}(z))$ has the reproducing kernel, for each point
$z\in \mathrm{X}_{S}$ , wc can assign a function $q_{z}(x)\in L_{2}(S^{n})$ in such a way that
$T_{(h,N)^{-1}}^{S}(f)(z)= \int_{\mathrm{X}_{S}}T_{(h,N)^{-1}}^{S}(f)(\lambda)\cdot\overline{\mathcal{K}_{(h,N)}^{S}(z,\lambda)}dm_{(h,N)}(\lambda)$
$=<f,$ $q_{z(h,N)}>= \int_{S^{n}}f(x)\overline{q_{z}(x)}dvol_{S}(x)$ ,
and $q_{z}$ is given by
$q_{z}(x)= \sum_{k=0}^{\infty}\frac{1}{b_{k}^{S}(h,N)}<x,\overline{z}>^{k}$
Then the function $q_{z}$ can be seen as a quatization of a classical free particle and we have
a correspondence of classical and quantum paths:
Proposition 3.4.
$q_{e^{\sqrt{-1}\iota_{z}}}.=e^{t\sqrt{-1}(n-1)/2}e^{-\sqrt{-1}t\sqrt{\Delta+((n-1)/2)^{2}}}(q_{z})$ .
4. COMPLEX PROJECTIVE SPACE
In this section we explain a corresponding Theorem to Thcorcm 2.6 and relating Thc-
orems for the case of complex projective space $P^{n}\mathbb{C}$ .
Let $\mathrm{X}_{\mathbb{C}}$ be the space in the $(n+1)\cross(n+1)$ complex matrices defined by
(4.1) $\mathrm{X}_{\mathbb{C}}=\{A\in M(n+1;\mathbb{C})|A^{2}=0$, rank $A=1\}$ .
In the paper [FT] we constructed an isomorphism between the space $\mathrm{X}_{\mathbb{C}}$ and the punctured




First, we dcscribc- this isomorphism and the complexfied Hopf fiber bundle mostly by
following [FY] to $\iota \mathrm{s}\mathrm{t}_{J}\mathrm{a}\mathrm{t},e$ our main theorems 4.8, 4.9 and 4.16 in this sction.
We identify $\mathbb{R}^{2n+2}\cong \mathbb{C}^{n+1}$ through the correspondence:
$\mathbb{R}^{2n+2}\ni x=(x_{0}, x_{1}, \cdots, x_{n}, x_{n+1}, \cdots, x_{2n+1})$
$=(x’, x”)rightarrow x’+\sqrt{-1}x’’$
$=(x_{0}+\sqrt{-1}x_{n+1}, \cdots, x_{n}+\sqrt{-1}x_{2n+1})$
$=(p_{0}, \cdots,p_{n})=p\in \mathbb{C}^{n+1}$ .
$\mathbb{C}^{n+1}$ is equipped with the $Her\tau nitian$ inner product $<p,$ $\overline{q}>=\sum p_{i}\overline{q}_{i}$ and the inner
product on $\mathbb{R}^{2n+2}$ is defined by
$Re<p, \overline{q}>=\sum_{i=0}^{2n+1}$ $xiyi=<x,$ $y>$ ,
where $p_{i}=x_{i}+\sqrt{-1}x_{n+1+i},$ $q_{\mathfrak{i}}=y_{i}+\sqrt{-1}y_{n+1+i},$ $\overline{q}=(\overline{q_{0}}, \cdots,\overline{q_{n}})$ .
Let $\pi_{\mathfrak{h}}$ be the projection map (Hopf fiberation):
$\pi_{\mathfrak{h}}$ : $S^{2n+1}arrow P^{n}$C.
We introduce the Riemann metric on $P^{n}\mathbb{C}$ by descending the standard Riemann metric
on the unit sphere $S^{2n+1}=\{z\in \mathbb{C}^{n+1}|||z||=1\}$ through this map $\pi_{\mathfrak{h}}$ , and identify the
tangent bundle $T(P^{n}\mathbb{C})$ and the cotangent bundle $T$“ $(P^{n}\mathbb{C})$ by this metric. Then the
cotangcnt bundle $T^{*}(P^{n}\mathbb{C})\cong T(P^{n}\mathbb{C})$ is realizcd in the matrix spacc as follows:
$T^{*}(P^{n}\mathbb{C})\cong T(P^{n}\mathbb{C})$
$\cong\{(P.Q’)\in M(n+1, \mathbb{C})\mathrm{x}M(n+1, \mathbb{C})|P^{2}=P,$ $\mathrm{t}\mathrm{r}(P)=1,$ $PQ+QP=Q$,
$P=P^{*},$ $Q=Q^{*}\}$ ,
where we put the inner product on the matrix space $M(n+1, \mathbb{C})$ by
$\mathrm{t}\mathrm{r}(A\cdot B^{*})$ .
We denote a subspace in this space with the condition $Q\neq 0$ by $\mathrm{E}_{\mathbb{C}}$ and let $\mathrm{E}_{S}\cong$
$T_{0}(S^{2n+1})\cong T_{0}^{*}(S^{2n+1})$ be the punctured (co)tangent bundle of the sphere
$T_{0}(S^{2n+1})$
$\cong \mathrm{E}_{S}=\{$ $(x’, x”;y’, y”)\in \mathbb{R}^{n+1}\mathrm{x}\mathbb{R}^{n+1}\mathrm{x}\mathbb{R}^{n+1}\cross \mathbb{R}^{n+1}|$
$<x’,$ $x’>+<x’’,$ $x”>=1,$ $<x’,$ $y’>+<x’’,$ $y”>=0,$ $y’+\sqrt{-1}y’’=q\neq 0\}$ .
Also let $\mathrm{E}_{S}^{0}$ be a subspace in $\mathrm{E}_{S}$ such that
$\mathrm{E}_{S}^{0}=\{(x’, x’’;y’, y’’)\in \mathbb{R}^{4n+4}|<x’,$ $x’>+<x’’,$ $x”>=1$ ,
$<x’,y’>+<x’’,$ $y”>=0,$ $q+<p,\overline{q}>p\neq 0\}$ ,
The last
$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i},\mathrm{o}\mathrm{n}$ says that the tangent vector $(x’, x”;y’, y”)\in T_{(x’,x’’\rangle}(S^{2n+1})$ is not
parallcl to $(x’, x ; -x”, x’)\in T_{(xx)},,$” $(S^{2n+1})$ .





$d\pi_{\mathfrak{h}}(x’, x’’;y’, y’’)=d\pi_{\mathfrak{h}}(p, q)=(P,$ $Q)$ ,
$P=(p_{i}\overline{p_{j}}),$ $Q=(q_{i}\overline{p}_{j})+(p_{i}\overline{q}_{j}),$ $Q\neq 0$ .
We denot$e$ the image $\tau_{S}(x’, x"; y’, y’’)$ as
$\tau_{S}(x’, x’’;y’, y’’)=(||q||x’+\sqrt{-1}y’, ||q||x’’+\sqrt{-1}y’’)=(u, ?))\in \mathbb{C}^{n+1}\mathrm{x}\mathbb{C}^{n+1}$ ,
and put $\mathrm{X}_{S}^{0}=\tau_{S}(\mathrm{E}_{S}^{0})$ .
Let a be the map
$\alpha$ : $\mathrm{X}_{S}^{0}arrow \mathrm{X}_{\mathbb{C}}$ ,
$\mathrm{X}_{S}^{0}\ni(u, v)-\rangle \mathrm{A}=(a_{ij}),$ $a_{ij}=(u_{1}+\sqrt{-1}v_{i})(u_{j}-\sqrt{-1}v_{J},)$ ,
then it will be easily seen that au $\circ \mathcal{T}_{S(x’,x’’;y’,y’’)}\in \mathrm{X}_{\mathbb{C}}$ .
Now let $\gamma$ be a map
$\gamma:\mathbb{C}^{n+1}\mathrm{x}\mathbb{C}^{n+1}arrow \mathbb{C}^{n+1}\cross \mathbb{C}^{n+1}$
$(u, v)\mapsto(z, w),$ $z=u+\sqrt{-1}v,$ $w=u-\sqrt{-1}v$ ,
and $\beta$ : $\mathbb{C}^{n+1}\cross \mathbb{C}^{n+1}arrow M(n+1, \mathbb{C})$
$\beta(z, w)=(a_{ij}),$ $a_{ij}=z_{i}w_{j}$ ,
then,
$\gamma(\mathrm{X}_{S}^{0})=\{(z, w)\in \mathbb{C}^{n+1}\mathrm{x}\mathbb{C}^{n+1}|z\neq 0,$ $w\neq 0,$ $B(z, w)= \sum z:w_{i}=0\}$
and
$\beta 0\gamma=\alpha$ .
By this relation, we return back the obvious $\mathbb{C}^{*}$-action on $\gamma(\mathrm{X}_{S}^{0})$ to the space $\mathrm{X}_{S}^{0}$ , then
the action is expressed as
(4.2) $\{$





Proposition 4.1. a : $\mathrm{X}_{S}^{0}.arrow \mathrm{X}_{\mathbb{C}}$ is a C’-prencipal bundle.
We call this the complexified Hopf bundle.
Next let $\tau_{\mathrm{C}}$ be a map
$\tau_{\mathbb{C}}$ : $\mathrm{E}_{\mathbb{C}}arrow \mathrm{X}_{\mathbb{C}}$
$(P, Q)\mapsto A\in \mathrm{X}_{\mathbb{C}}$
$A=||Q||^{2}P-Q^{2}+\sqrt{\frac{-1}{2}}||Q||Q,$ $||Q||=\sqrt{\mathrm{t}\mathrm{r}(QQ^{*})}$ ,
and let $\mathrm{E}_{S}^{H}$ be a subspace in $\mathrm{E}_{S}^{0}$ such that
$\mathrm{E}_{S}^{H}=\{(p, q)\in \mathrm{E}_{S,9}^{0}|<p, \overline{q}>=0\}$ ,
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and we know that the map $\tau_{\mathrm{C}}$ is a diffeomorphism between $\mathrm{E}_{\mathbb{C}}$ and $\mathrm{X}_{\mathbb{C}}$ .
Not$e$ that the diagram
$\mathrm{E}_{S}^{0}arrow\tau_{S}\mathrm{X}_{S}^{0}$
(4.4) $d\pi \mathfrak{y}\downarrow$ $\downarrow\alpha$
$\mathrm{E}_{\mathbb{C}}arrow\tau_{\mathrm{C}}\mathrm{X}_{\mathbb{C}}$ ,
is not commutative.
The inverse map $\tau_{\overline{\mathrm{c}}^{1}}$ is given as
$\tau_{\overline{\mathrm{c}}^{1}}(A)=(P, Q)$ ,
$P= \frac{A+A^{*}}{2||A||}+\frac{A\cdot A^{*}+A^{*}\cdot A}{2||A||^{2}}$ ,
$Q= \frac{A-A^{*}}{\sqrt{-2||A||}}$ .
Remark 4.2. Let $(p_{\backslash }\prime q)\in \mathrm{E}_{S}^{H}$, i.e. $(p, q)\in T_{0}S^{2n+1}\cong \mathrm{E}_{S}$ and assume $<p,\overline{q}>=0$ , then
for $P=(p_{i}\overline{p}_{j}),$ $Q=(p_{i}\overline{q}_{j})+(q_{i}\overline{p}_{j})$ and $A=\tau_{\mathbb{C}}(P, Q)$
(4.5) $2||q||^{2}=||Q||^{2}=||A||=\sqrt{\mathrm{t}\mathrm{r}(AA)}"$ .
Proposition 4.3. The canonical one form $\theta_{\mathbb{C}}$ and the symplectic form wc on the cotangent
bundle of the complex projective space \’is expressed on the space $\mathrm{X}_{\mathbb{C}}a.s$ follows $(\mathrm{I}\mathrm{F}\mathrm{T}])$ :
$\theta_{\mathrm{c}=}\sqrt{\frac{-1}{2}}(\partial\sqrt{||A||}-\overline{\partial}\sqrt{||A||})$ ,
$\omega_{\mathbb{C}}=d\theta_{\mathbb{C}}=\sqrt{-2}\partial\sqrt{||A||}$ .
We denote the Liouville volumc form on $T_{0}^{*}(P^{n}\mathbb{C})$ with the same notation $\Omega_{\mathbb{C}}(\Omega_{\mathbb{C}}(P, Q)$ ,
or $\Omega_{\mathbb{C}}(A),$ $A\in \mathrm{X}_{\mathbb{C}})$ under the identification $T_{0}^{*}P^{n}\mathbb{C}\cong \mathrm{E}_{\mathbb{C}}\cong\tau \mathrm{c}$ Xc and by the decomposition
$\mathrm{E}_{\mathbb{C}}\cong \mathbb{R}_{+}\cross(\mathrm{E}_{\mathrm{C}}\cap\{(P, Q)|P, Q\in M(n+1, \mathbb{C}), ||Q||=1\})$
$\cong \mathrm{X}_{\mathbb{C}}\cong \mathbb{R}_{+}\cross(\{A\in M(n+1, C)|||A||=1\}\cap \mathrm{X}_{\mathbb{C}})=\mathbb{R}_{+}\cross\Sigma(\mathbb{C})$,
$(t, P, Q/||Q||)rightarrow(s, A/||A|)\in \mathbb{R}_{+}\cross\Sigma(\mathbb{C})$
$s=t^{2},$ $A=\tau^{\mathbb{C}}(P, Q)$ ,
we can decompose $\Omega_{\mathbb{C}}$ as
(4.6) $\Omega_{\mathbb{C}}(A)=\frac{1}{2}s^{n-1}ds\wedge dv_{\Sigma(\mathbb{C})}(\sigma),$ $A=(||A||, A/||A||)=(s, \sigma)\in \mathbb{R}_{+}\cross\Sigma(C)$
with a (nowhere vanishing) $(4n-1)$-form $dv_{\Sigma(\mathbb{C})}(\sigma)$ on $\{A\in M(n+1, \mathbb{C})|||A||=1\}\cap \mathrm{X}_{\mathrm{C}}$ .
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Let $\mathcal{P}_{k}=’\rho_{k}(M(n+1, C))$ be the space of homogeneous polynomials on the matrix
space $M(n+1, \mathbb{C})$ of degree $k$ , and denote the space of their restrictions to $\mathrm{X}_{\mathbb{C}}$ by $’\rho_{k}(\mathrm{X}_{\mathbb{C}})$ .
Let $h>0$ and $N>-n$ . For each fixed $(h, N)$ , let
(4.7) $dm_{(h,N)}(A)=e^{-h\sqrt{||A||}}||A||^{N}\Omega_{\mathbb{C}}(A)$
be a volume form on the spac$e$ Xc and we define an inner product on the space $\sum\oplus P_{k}(\mathrm{X}_{\mathbb{C}})$
by the integral
(4.8) $< \varphi,\overline{\psi}>(h,N)=\int_{\mathrm{X}_{\mathbb{C}}}\varphi(A)\overline{\psi(A)}dm_{(h,N)}(A)$ .
Then for each $k\neq\ell$ , the spaces $\prime \mathcal{P}_{k}(\mathrm{X}_{\mathrm{C}})$ and Pe(Xc) are orthogonal. We denote the
completion of $\sum\oplus \mathcal{P}_{k}$ (Xc) with resp$e\mathrm{c}\mathrm{t}$ to the norm $||\bullet||_{(h,N)}$ defined by this inner product
by
(4.9) $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$ .
Proposition 4.4. There are no bounded holomorphic functions on $\mathrm{X}_{\mathbb{C}}(n\geq 1)$ .
Proposition 4.5. The function $\varphi(A)\in \mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$ has the expansion of the
form $\varphi(A)=\sum_{k=0}^{\infty}\varphi_{k}(A)$ with k-th order homogeneous polynomials $\varphi_{k}(A)$ on $M(n+1, \mathbb{C})$ .
Then we have an expression of the norm of a function $\varphi(A)$ in $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$ : let
$\varphi(A)=\sum_{k=0}^{\infty}\varphi_{k}(A)\in \mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$, then
$|| \varphi||_{(h,N)}^{2}=\int_{\mathrm{x}_{\mathrm{c}}}|\varphi(A)|^{2}dm_{(h,N)}(A)$
$= \sum_{k=0}^{\infty}\int_{\mathrm{L}^{\backslash }(\mathbb{C})}|\varphi_{k}(\sigma)|^{2}dv_{\mathrm{L}^{\backslash }(\mathbb{C})}(\sigma)\cross\int_{0}^{\infty}\frac{1}{2}\cdot||A||^{2k+N+n-1}e^{-h\sqrt{||A||}}d||A||$
$= \sum_{k=0}^{\infty}\frac{\Gamma(4k+2N+2n)}{h^{4k+2N+2n}}\int_{\Sigma(\mathbb{C})}|\varphi_{k}(\sigma)|^{2}dv_{\Sigma(\mathbb{C})}(\sigma)$
Proposition 4.6. Let $\tilde{N}\leq N$ , then
(4.10) $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))-\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,\tilde{N})}(A))$
and the inclusion map is continuous.
For a positive integer $k\geq 0$ , let $S_{2k}^{\mathbb{C}}$ be the space of harmonic Polynomials on $\mathbb{R}^{2n+2}\cong$
$\mathbb{C}^{n+1}$ which are invariant under the action of $U(1)$ (and necessarily of even degree), that
is, harmonic polynomials of the variables $p_{i}\overline{p}_{j}$ , and we denote the space of thcir dcsccnds
to the complex projective space by $E_{k}^{\mathbb{C}}$ . Then
Proposition 4.7. $E_{k}^{\mathbb{C}}$ is an eigenspace of the Laplacian $\Delta$ on $P^{n}\mathbb{C}$ with the eigenvalue
(4.11) $\lambda_{k}=4k(n+k)$
and its dimension is given by




Next we define an, operator $T_{h,N}^{\mathbb{C}}$ from functions on $\mathrm{X}_{\mathbb{C}}$ with a suitable integrability
condition to functions on $P^{n}C$ .
For a function $\psi(A)$ on $\mathrm{X}_{\mathbb{C}}$ , we denote the distribution on $P^{n}\mathbb{C}$
$C^{\infty}(P^{n}C) \ni f\mapsto\int_{\mathrm{x}_{\mathrm{c}}}(\pi_{\mathbb{C}}0\tau_{\mathbb{C}}^{-1})^{*}(f)(A)\cdot\psi(A)e^{-h\sqrt{||A||}}||A||^{N}\Omega_{\mathbb{C}}(A)$ .
by
$(\pi_{\mathbb{C}}0\tau_{\mathbb{C}}^{-1})_{*}(\psi(\bullet)\cdot e^{-h\sqrt{||\cdot||}}||\bullet||^{N}\Omega_{\mathrm{C}}(\bullet))$ ,
i.e. a distribution defined by the fiber integration of a $4n$-degree form
th $(A)\cdot e^{-h\sqrt{||A||}}||A||^{N}\Omega_{\mathbb{C}}(A)$
along the fiber of the map $\pi_{\mathbb{C}}\circ\tau_{\overline{\mathrm{c}}^{1}}$ : $\mathrm{X}_{\mathbb{C}}arrow P^{n}\mathbb{C}$ . The resulting form is a smooth 2$n$-degree
form on $P^{n}C$ . We denote this form as
(4.13) $\mathcal{I}_{h,N}^{\mathrm{t}}(\psi)(P)dvol_{\mathbb{C}}(P)$ ,
where $dvol_{\mathbb{C}}(P)$ is the Riemann volume form on $P^{n}\mathbb{C}$ . So we define the operator
$T_{h,N}^{\mathbb{C}}(A)$ : $\sum\oplus \mathcal{P}_{k}(\mathrm{X}_{\mathbb{C}})arrow C^{\infty}(P^{n}\mathbb{C})$ ,
and consider their extensions to $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(hN)}"’(A))$ .
Theorem 4.8. Let $2h_{0}=h$ and $2N_{0}+ \frac{n}{2}=N>-n_{f}$ then
$T_{h_{0},N_{0}}^{\mathbb{C}}(A)$ : $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)})arrow L_{2}(P^{n}\mathbb{C})$
is an isomorphism (but not unitary).
Theorem 4.9. Let-n $<\tilde{N}\leq N$ and put $N_{0}=(N-n/2)/2$ and $\tilde{N}_{0}=(\tilde{N}-n/2)/2$ then
$T_{(t\iota/2,\overline{N}_{0})}^{\mathrm{C}}\mathrm{o}(T_{(h/2,N_{0})}^{\mathbb{C}})^{-1}$ : $L_{2}(P^{n}\mathbb{C})arrow L_{2}(P^{n}\mathbb{C})$ ,
is an Pseudo-differential $operator\in L_{1,0}^{\overline{N}-N}(P^{n}\mathbb{C}),$ $i.e$ .
$L_{2}(P^{n}\mathbb{C})(\tau_{(b\underline{/2},N)}^{\mathrm{c}})^{-1}A\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))arrow \mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,\overline{N})}(A))\rangle L_{2}(P^{n}\mathbb{C})\tau_{(\underline{h/2,}\overline{N}_{0})}^{\mathrm{c}}$
is a Pseudo-differential operator of order $\overline{N}-N$ on the complex projective space.
Corollary 4.10. For-n $<\tilde{N}<N_{f}$ the inclusion map $(\mathit{4}\cdot \mathit{1}\mathit{0})$ is a compact operator.
We introduced the family of the volume form $dm_{(h,,N)},(A)$ on $\mathrm{X}_{\mathbb{C}}$ with parameters $(h, N)$
$a,.\mathrm{s}$ we did for the sphere case. The form, of the weight function is taken from, that in the
paper [FY] (see also [Ful]) where we determined it by means of the pairing Polarizationson $\mathrm{X}_{\mathbb{C}}$ (vertical polarization on $\mathrm{X}_{\mathbb{C}}$ and the K\"ahler polarization given by the realization
of the punctured cotangent bvndle $T_{0}^{*}(P^{n}C)$ as the space $\mathrm{X}_{\mathrm{C}}$). Here we allow, as for thecase of the sphere, all positive values of $h$ and the exponent $N>-n$ . The proof of thistheorem 4.8 is done along the same line with that given in the papers [Ra2], [Ful] and
[FY].
Although we do not givc thc proofs herc (cf. [BF2]), we introduce the operators $A_{k}^{\mathbb{C}}$ ,
$B_{(h,N;k)}^{\mathbb{C}}$ and $C_{(h,N;k)}^{\mathbb{C}}$. corresponding to the operators $A_{k}^{S},$ $B_{(hN\cdot k)}^{S}$ and $C_{(h,N;k)}^{S}$ for the sphere
casc and statc their relations, some of
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$f$ $: \mapsto A_{k}^{\mathbb{C}}(f)(A)=\int_{P^{n}\mathbb{C}}f(P)(\mathrm{t}\mathrm{r}(P. A))^{k}dvol_{\mathbb{C}}(P)$ ,
$B_{(h,N:k)}^{\mathbb{C}}:P_{k}(\mathrm{X}_{\mathbb{C}})arrow E_{k}^{\mathbb{C}}$,
$\psi$ $: \mapsto B_{(h,N;k)}^{\mathbb{C}}(\psi)(P)=\int_{\mathcal{P}\mathrm{c}}\psi(A)(\mathrm{t}\mathrm{r}(P\cdot A^{*}))^{k}e^{-h\sqrt{||A||}}||A||^{N}\Omega_{\mathbb{C}}(A)$,
$C_{(h,N;k)}^{\mathbb{C}}:\mathcal{P}_{k}(\mathrm{X}_{\mathbb{C}})arrow \mathcal{P}_{k}(\mathrm{X}_{\mathbb{C}})$ ,
$\psi:\mapsto C_{(h,N;k)}^{\mathbb{C}}(\psi)(A)=\int_{\mathrm{x}_{\mathrm{c}}}$ Cb $(B)(\mathrm{t}\mathrm{r}(A\cdot B^{*}))^{k}e^{-h\sqrt{||B||}}||B||^{N}\Omega_{\mathbb{C}}(B)$ .
Let’s $T_{(h,N;k)}^{\mathrm{C}}$ denote the restriction of the operator $T_{(h,N)}^{\mathbb{C}}$ to the spac$eP_{k}(\mathrm{X}_{\mathrm{C}})$ , then
Proposition 4.12.
(4.14) $B_{(h,N;k)}^{\mathbb{C}}\circ A_{k}^{\mathbb{C}}=a_{k}^{\mathbb{C}}(h, N)Id$,
and
(4.15) $T_{(h,N;k)}^{\mathbb{C}}\circ A_{k}^{\mathbb{C}}=b_{k}^{\mathrm{C}}(h, N)Id$ ,
with the constants $a_{k}^{\mathbb{C}}(h, N)>0$ and $b_{k}^{\mathrm{C}}(h, N)>0$ .
Proposition 4.13. The operator $C_{(h,N;k)}^{\mathrm{C}}$ is a constant multiple of the identity operator
with a constant $c_{k}^{\mathrm{C}}(h, N)$ .
The $\mathrm{c}o$nstants $a_{k}^{\mathbb{C}}(h, N),$ $b_{k}^{\mathbb{C}}(h, N)$ and $c_{k}^{\mathbb{C}}(h, N)$ are given as follows:
$a_{k}^{\mathbb{C}}(h, N) \cdot\dim E_{k}^{\mathbb{C}}=\frac{\pi}{2}\frac{\Gamma(n-1)\Gamma(k+1)^{2}}{\Gamma(2k+n+1)}Vol(S^{2n-3})\cdot\frac{\Gamma(2N+4k+2n)}{h^{2N+4k+2n}}\cdot Vol(\Sigma(C))$ ,
$b_{k}^{\mathbb{C}}(h, N) \cdot\dim E_{k}^{\mathrm{C}}=\frac{\Gamma(2N+2k+2n)}{2^{k}h^{2N+2k+2n}}\cdot Vol(\Sigma(\mathbb{C}))$,
$c_{k}^{\mathbb{C}}(h, N) \cdot\dim E_{k}^{\mathrm{C}}=Vol(\Sigma(\mathbb{C}))\cdot\frac{\Gamma(2N+4k+2n)}{h^{2N+4k+2n}}$.
Next we represent the reproducing kernel $\mathcal{K}_{(h,N)}^{\mathbb{C}}(A, B)$ of the Hilbert space
$\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$ and state the asymptotic behaviour $\lim_{||A||arrow\infty}\mathcal{K}_{(h,N)}^{\mathrm{C}}(A, A)$ . Since both
of the operators $\frac{1}{a_{k}^{\mathbb{C}}(h,N)}A_{k}^{\mathbb{C}}\circ B_{(h,N;k)}^{\mathbb{C}}$ and $\frac{1}{c_{k}^{\mathbb{C}}(h,N)}C_{(h.N;k)}^{\mathbb{C}}$ are the $\mathrm{i}\mathrm{d}e$ntity operator on
thc spacc $P_{k}^{\mathrm{C}}(\mathrm{X}_{\mathrm{C}})$ , their kernel functions coincide:
Proposition 4.14.
$\frac{1}{a_{k}^{\mathbb{C}}(h,N)}\int_{P^{\mathrm{n}}\mathbb{C}}(\mathrm{t}\mathrm{r}(P\cdot A)\cdot \mathrm{t}\mathrm{r}(P\cdot B^{*}))^{k}dvol_{\mathrm{C}}(P)=\frac{1}{c_{k}^{\mathbb{C}}(h,N)}(\mathrm{t}\mathrm{r}(A\cdot B^{*}))^{k}$




convergcs for any $\lambda\in C$ , we can express the reproducing kernel $\mathcal{K}_{(’\iota,N)}^{\mathbb{C}}(A, B)$ of the Hilbert
space $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$ in the form of infinite series with the explicit expression of the
constants $\dim E_{k}^{\mathbb{C}},$ $a_{k}^{\mathbb{C}}(h, N)$ and $c_{k}^{\mathbb{C}}(h, N)$ :
$\mathcal{K}_{(h,N)}^{\mathbb{C}}(A, B)=\sum_{k=0}^{\infty}\frac{1}{c_{k}^{\mathbb{C}}(h,N)}(\mathrm{t}\mathrm{r}(A\cdot B^{*}))^{k}$
$= \frac{h^{2N+2n}}{Vol(\Sigma(C))}\cdot\sum_{k=0}^{\infty}n(n+2k)\cdot(\frac{\Gamma(n+k)}{\Gamma(n)\Gamma(k+1)})^{2}\cdot\frac{h^{4k}}{\Gamma(2N+4k+2n)}(\mathrm{t}\mathrm{r}(A\cdot B^{*}))^{k}$
$= \sum_{k=0}^{\infty}\frac{1}{a_{k}^{\mathrm{C}}(h,N)}\int_{P^{n}\mathbb{C}}(\mathrm{t}\mathrm{r}(P\cdot A))^{k}(\mathrm{t}\mathrm{r}(P\cdot B^{*}))^{k}dvol_{\mathbb{C}}(P)$ .
Note that the reproducing kernel $\mathcal{K}_{(h,N)}^{\mathbb{C}}(A, B)$ is defined for any $A,$ $B\in M(n+1, \mathbb{C})$ ,
holomorphic with respect to the variable $A\in \mathrm{A}f(n+1, \mathbb{C})$ and anti-holomorphic with
respect to the variable $B\in M(n+1, \mathbb{C})$ . Especially
$\mathcal{K}_{(h,N)}^{\mathbb{C}}(A, 0)\equiv\frac{1}{c_{k}^{\mathbb{C}}}=\frac{h^{2N+2n}}{Vol(\Sigma(C))\Gamma(2N+2n)}\equiv \mathcal{K}_{(h.N)}^{\mathbb{C}}(0, B)$.
Proposition 4.15. Any function in $\mathcal{H}^{2}(\mathrm{X}_{\mathrm{C}}, dm_{(h,N)}(A))$ can be extended to a holomorphic
function on $M(n+1, \mathbb{C})$ .
prop




Remark 4.17. This property gives us the Hilbcrt-Schmidt-ncss of Hankel opcrator on
$\mathrm{X}_{\mathbb{C}}$ (and also $\mathrm{X}_{S}$ ) following a theory in the paper [Bau] and [BF1]. These aspects will be
discussed more precisely in the paper [BF3] together with a study of invariant functions
under Berezin transformation.
Finally in this section we state a corresponding theorem to Theorem 3.3.
Let $\{g_{l}^{\mathrm{C}}\}_{\iota\in \mathrm{R}}$ be the geodesic flow action (cf. [FT]) on $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N)}(A))$ , i.e.
for $\varphi=\sum_{k=0}^{\infty}\varphi_{k}(A)\in \mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N\rangle}(A))$ with homogeneous $\varphi_{k}$ of degree $k$ ,
$g_{l}^{\mathbb{C}}( \varphi)(A)=\varphi(e^{\sqrt{-1}t}\cdot A)=\sum e^{\sqrt{-1}tk}\varphi_{k}(A)$.
Then we have
Theorem 4.18.
(4.16) $\tau_{(h,N)}^{\mathrm{c}}\circ g_{\iota=e^{-(\iota\sqrt{-1}n)/2}e^{(\sqrt{-1}\iota)/2\sqrt{\Delta_{P^{\hslash}\mathrm{c}+n^{2}}}}}\circ T_{(h,N)}^{\mathbb{C}}$ .
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Also for each point $A\in \mathrm{X}_{\mathbb{C}}$ , lct $q_{A}^{\mathbb{C}}(P)\in L_{2}(P^{\mathrm{n}}C)$ be the function givcn by the Ricsz’
representation theorem:
$T_{(h,N)^{-1}}^{\mathbb{C}}(f)(A)= \int_{\mathrm{X}_{\mathbb{C}}}T_{(h,N)^{-1}}^{\mathbb{C}}(f)(B)\cdot\overline{\mathcal{K}^{\mathbb{C}}(A,B)}\cdot dm_{(h,N)}(B)$
$=<f,$ $q_{A(h,N)}^{\mathrm{c}_{>}}= \int_{P^{n}\mathbb{C}}f(P)\overline{q_{A}^{\mathbb{C}}(P)}d?)ol_{\mathbb{C}}(P)$ ,
then,
$q_{A}(P)= \sum_{k=0}^{\infty}\frac{1}{b_{k}^{\mathbb{C}}(h,N)}\mathrm{t}\mathrm{r}(A^{*}\cdot P)^{k}$,
where $P=(p_{i}\overline{p}_{j}),$ $p\in \mathbb{C}^{n+1},$ $||p||=1$ . Now we have
Proposition 4.19.
$q_{\mathrm{e}}^{\mathbb{C}}-_{-t}.A=e^{(t\sqrt{-1}n)/2}e^{-\sqrt{-1}t/2\sqrt{\Delta_{P^{n}\mathrm{c}}+n^{2}}}(q_{A}^{\mathbb{C}})$ .
5. $\mathrm{c}_{\mathrm{o}\mathrm{M}\mathrm{P}\mathrm{L}\mathrm{E}\mathrm{X}\mathrm{F}\mathrm{I}\mathrm{E}\mathrm{D}}$ HOPF FIBERATION AND QUANTIZATION OPERATOR
Recall the $\mathbb{C}^{*}$-principal bundle
$\alpha$ : $\mathrm{X}_{S}^{0}arrow \mathrm{X}_{\mathbb{C}}$ .
We called it complexfied Hopf bundle. In this section first we determine the fiber integral
of the measure
$\alpha_{*}(e^{-h\sqrt{||u||^{2}+||v||^{2}}}\cdot(||u||^{2}+||v||^{2})^{\frac{N}{2}}\Omega_{S})$ ,
and then we give a sufficient condition under which the image of the operator
$\alpha^{*}:$
$\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}},$
$dm_{(h\mathrm{c}\cdot N_{\mathrm{C}})(A))}arrow \mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h_{S},N_{S})}(u, v))$ .
is a close subspace in $\mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h_{S},N_{S})}(u, v))$ .
We work on




$= \frac{\pi\cdot 2^{n+1}}{2^{N/2}}||A||^{n}I(||A||)\Omega_{\mathbb{C}}(A)$ ,
where
$I(||A||)= \int_{0}^{\infty}e^{-}\varpi^{\sqrt{r^{2}+(||A||/r)^{2}}}h(r^{2}+(||A||/r)^{2})^{\frac{N\neq 1}{2}-n_{\frac{dr}{r}}}$ .
The formula (5.1) above is given in the paper [FY]. Here we give it again in a simple
way for the sake of the completeness of this not$e$ . We denote the Liouville volume form
$\Omega_{S}$ (resp. $\Omega_{\mathbb{C}}$ ) and its pull-back by the map $(\tau_{S}\circ\gamma)^{-1}$ (resp. $(\tau_{\mathbb{C}})^{-1}$ ) with the same
notation always. Also note that $2(||u||^{2}+||v||^{2})15=||z||^{2}+||w||^{2}$ for $\gamma(u, v)=(z, w)$ .
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Proof. Since the unitary group $U(n+1)$ acts on $\mathrm{X}_{\mathbb{C}}\cap\{A\in M(n+1, \mathbb{C})|\mathrm{t}\mathrm{r}(A\cdot A^{*})=1\}$
transitively (adjoint action : $A\mapsto UAU^{*},$ $U\in U(n+1)$ ) and the Liouville volume form
$\Omega_{\mathbb{C}}$ is invariant undcr this action togcther with the equivariance betwecn thc Liouville
volume form on $\mathrm{X}_{S}$ under the action of the unitary group $U(n+1)$ on $\mathbb{C}^{n+1}\cross \mathbb{C}^{n+1}$ by
$(z, w)\mapsto(U(z), \overline{U}(w))$ , it is enough to determine the fiber integration on the points
$A_{t}=\in \mathrm{X}_{\mathbb{C}},$ $t>0$ .
Notc that the space $\mathrm{X}_{S}^{0}$ is invariant under the action $(z, w)\mapsto(U(z),\overline{U}(w))$ .
Then we take a local coordinate system on $\mathrm{X}_{\mathbb{C}}$ which together gives a local trivialization
of $\beta$ :
$\mathbb{C}^{*}\cross \mathbb{C}^{n}\cross \mathbb{C}^{*}\cross \mathbb{C}^{n-1}\mathbb{C}^{n}\cross \mathbb{C}^{*}\cross \mathbb{C}^{n-1}\downarrow=\mathrm{X}_{\mathbb{C}}\mathrm{X}_{S}^{0}\downarrow\beta$
,
such that
$( \lambda, z, w)arrow(\lambda, \lambda z_{1}, \cdots, \lambda z_{n}, -\frac{<zw>}{\lambda}, \frac{w}{\lambda}1, \cdots, \underline{w}_{\lambda}\mathrm{n})$
$\downarrow$
$\downarrow\beta$
$(z, w)$ $rightarrow$ $A\in \mathrm{X}_{\mathbb{C}}$ ,
where $<z,$ $w>= \sum z_{i}w_{i}$ and
$A=(=_{z_{n}<z,w>}^{z_{1}<.z,w>}:-<z,$
$w>$
$z_{n}.w_{1}z_{1}w_{1}w_{1}$: $z_{n}.w_{2}z_{1}w_{2}w_{2}:$ $..$ . $z_{n}’.w_{n}\sim 1wn$)$w_{n}:$ .
$\mathrm{I}_{11}\}\rho \mathrm{r}\mathfrak{m}\mathrm{q}\mathrm{n}\mathrm{f}\star \mathrm{h}\rho \mathrm{Q}l^{1}\Gamma.\cap\cap 1^{\cdot}A$ inOf $c1\mathrm{Q}$
$=a_{00}d\lambda$ A $d\lambda+_{\mathrm{L}^{a_{0,k}d\overline{z}_{k}\wedge d\lambda+\sum b_{0,k}r\overline{w}_{k}\wedge d\lambda}}$
$+ \sum\overline{a}_{0j}d\overline{\lambda}\wedge dz_{j}+\sum a_{jk}(\ulcorner z_{k}\wedge dz_{j}+\sum b_{jk}d\overline{w}_{k}\wedge dz_{j}$
$+ \sum\overline{b}_{0j}d\overline{\lambda}\wedge dw_{j}+\sum\overline{b}_{k\mathrm{j}}d\overline{z}_{k}\wedge dw_{j}+\sum c_{jk}d\overline{w}_{k}\wedge dw_{j}$.
then the values $a_{k,j},$ $b_{k,j}$ and $c_{k,j}$ are given as follows:
$a_{00}=| \lambda|^{2}+\frac{6t^{2}}{|\lambda|^{2}}+\frac{t^{4}}{|\lambda|^{6}},$ $a_{0k}=0(k\geq 1)$ ,
$b_{01}=- \frac{t}{\lambda|\lambda|^{2}}(3|\lambda|^{2}+\frac{t^{2}}{|\lambda|^{2}}),$ $b_{0k}=0(k\geq 2)$ ,
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$a_{11}=2(| \lambda|^{2}+\frac{t^{2}}{|\lambda|^{2}})^{2},$ $a_{kk}=2(| \lambda|^{2}+\frac{t^{2}}{|\lambda|^{2}})|\lambda|^{2}(k\geq 2),$ $a_{jk}=0(k\neq j)$ ,
$b_{kj}=0(\forall k\geq 1,\forall j\geq 1),$ $c_{11}=2+ \frac{t^{2}}{|\lambda|^{4}},$ $c_{kk}=2(| \lambda|^{2}+\frac{t^{2}}{|\lambda|^{2}})\cdot\frac{1}{|\lambda|^{2}}(k\geq 2)$,
$c_{jk}=0(k\neq j)$ .
Put
$D( \lambda, t)=(_{:}^{:}\overline{b}_{0n}\frac{a}{a}n\frac{\overline a}{b}:\mathrm{o}0_{1}0100\overline{b}_{1n}\frac{\overline a}{b}:^{11}a_{1n}a_{1}01::_{1}$
$::$ : $a_{1n} \overline{b}_{nn}a_{0n}\frac{a}{b}n::n:_{1}n\overline{c}_{1n}b_{n}c_{1}b_{11}b_{01}:^{1}:$: $::$ : $c_{nn}b_{n}c_{1}b_{1n}b_{0n}::_{n}:n)$ .
Now we have an expression of the Liouville volume form $\Omega_{S}$ by the coordinates $(\lambda, z, w)$ :
$\Omega_{S}=\frac{(-1)^{n(2n+1)}}{(2n+1)!}\omega_{S}^{2n+1}$
$= \frac{(-1)^{n(2n+1)}}{(2n+1)!}\cdot(-1)^{n_{\sqrt{-1}}}\cdot(\frac{1}{4(|\lambda|^{2}+\frac{t^{2}}{|\lambda|^{2}})^{3/2}})^{2n+1}\cdot(2n+1)!\cdot\det D(\lambda, t)$




$d\overline{\lambda}\wedge d\lambda\wedge\Gamma z_{1}\wedge dz_{1}\wedge\cdots\wedge d\overline{z}_{n}\wedge dz_{n}\wedge d\overline{w}_{1}\wedge dw_{1}\wedge\cdots$A $d\overline{w}_{n}\wedge dw_{n}$
$= \frac{\sqrt{-1}}{2^{2n+2}|\lambda|^{2}}\cdot(\frac{1}{|\lambda|^{2}+\frac{l^{2}}{|\lambda|^{2}}})^{n-1/2}$
$d\overline{\lambda}\wedge d\lambda\wedge d\overline{z}_{1}\wedge dz_{1}\wedge\cdots\wedge d\overline{z}_{n}\wedge dz_{n}\wedge\Gamma w_{1}\wedge dw_{1}\wedge\cdots\wedge d\overline{w}_{n}\wedge dw_{n}$ .




. $:.:.:0$. $000:.)\in \mathrm{X}_{\mathbb{C}},$ $t>0$ .
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the push-forward of the $(2n+1)$ -form $e^{-h\sqrt{||u||^{2}+||v||^{2}}}(||u||^{2}+||v||^{2})^{N/2}\Omega_{S}$ by the map $\beta$ is
$\beta_{*}(e^{-h\sqrt{||u||^{2}+||v||^{2}}}(||u||^{2}+||v||^{2})^{N/2}\Omega_{S})(A_{t})$
(5.2) $= \frac{\pi}{2^{2n}}\cdot\int_{0}^{\infty}\frac{1}{r}(\frac{1}{r^{2}+(t/r)^{2}})^{n-1/2}e^{-h/\sqrt{2}\sqrt{r^{2}+(l/r)^{2}}}(\frac{r^{2}+(t/r)^{2}}{2})^{\frac{N}{2}}dr$
$Fz_{1}\wedge dz_{1}\wedge\cdots$ A $i\overline{z}_{n}\wedge dz_{n}\wedge \mathrm{f}\mathrm{f}w_{1}\wedge dw_{1}\wedge\cdots$ A $d\overline{w}_{n}\wedge dw_{n}$ .
On the other hand, the Liouville volume form
$\Omega_{\mathrm{C}}=\frac{(-1)^{n(2n-1)}}{(2n)!}(\sqrt{-2}\partial\sqrt{||A||})^{2n}$
is expressed around the point $(0, \cdots, 0, w_{1},0\cdots, 0)$ (we put $w_{1}=t>0$) in the local
coordinates $(z, w)$ as
$\Omega_{\mathbb{C}}(A_{t})$
(5.3) $= \frac{1}{2^{3n+1}\cdot t^{n}}‘\ulcorner z_{1}\wedge dz_{1}$ A . .. A $d\overline{z}_{n}\wedge dz_{n}\wedge‘\Gamma w_{1}\wedge dw_{1}\wedge\cdot’$ . A $d\overline{w}_{n}\wedge d\mathrm{t}v_{n}$ .
By comparing (5.2) and (5.3) we have (5.1).
Let $f\in P_{k}(\mathrm{X}_{\mathrm{C}})$ , a polynomial of degree $k$ of the variable $A\in M(n+1, \mathbb{C})$ , then
$\alpha^{*}(f)(u, v)$ is a 2$k$-degr$e\mathrm{e}$ polynomial on $\mathbb{C}^{n+1}\cross \mathbb{C}^{n+1}$ . The $L_{2}$-norm of $\alpha^{*}(f)(u, v)=$
$\gamma^{*}(\beta^{*}(f))(u, v)$ with respect to a measure $e^{-h\sqrt{||u||^{2}+||v||^{2}}}(||u||^{2}+||v||^{2})^{\frac{N}{2}}\Omega_{S}$ is
$\int_{\mathrm{X}_{S}^{0}}|a^{*}(f)|^{2}e^{-h\sqrt{||u||^{2}+||v||^{2}}}(||u||^{2}+||v||^{2})^{\frac{N}{2}}\Omega_{S}$
$= \int_{\mathrm{X}_{S}}|\alpha^{*}(f)|^{\mathit{2}}e^{-h\sqrt{||u||^{2}+||v||^{2}}}(||u||^{2}+||v||^{2})^{\frac{N}{2}}\Omega_{S}$
$=F(n, N) \int_{\mathrm{x}_{\mathrm{c}}}\int_{0}^{\infty}|f(A)|^{2}||A||^{n}\cdot e^{-\Leftrightarrow\sqrt{r^{2}+(||A||/r)^{2}}}(r^{2}+(||A||/r)^{2})^{\frac{N+1}{2}-n_{\frac{dr}{r}\wedge\Omega_{\mathbb{C}}(A)}}h$
$=F(n, N) \int_{\Sigma(\mathbb{C})}|f(A/||A||)|^{2}dv_{\Sigma(\mathbb{C})}(\sigma)\cross$
$\cross\int_{0}^{\infty}\int_{0}^{\infty}t^{2k.\sqrt{r^{2}+(t/r)^{2}}}t^{n}\cdot e^{-}T^{h}2$ . $(r^{2}+(t/r)^{2})^{\frac{N+1}{2}-n} \cdot t^{n-1}\frac{dr\wedge dt}{r}$
$=F(n, N) \cdot\int_{\Sigma(\mathbb{C})}|f(A/||A||)|^{2}dv_{\Sigma(\mathbb{C})}(\sigma)\cross$
$\cross\frac{2^{n+(N-1)/2}}{h^{2n+N+1}}$ . $\frac{2^{2k}}{h^{4k}}$ . $\frac{\Gamma(4k+2n+N+1)\cdot\Gamma(k+n)^{2}}{\Gamma(2k+2n)}$
(5.4)
$=G(n, N) \cdot\int_{\mathrm{L}^{\backslash }(\mathbb{C})}|f(A/||A||)|^{2}dv_{\Sigma(\mathbb{C})}(\sigma)\cdot\frac{2^{2k}}{h^{4k}}\cdot\frac{\Gamma(4k+2n+N+1)\cdot\Gamma(k+n)^{2}}{\Gamma(2k+2n)}$,
wherc we put $F(n, N)= \frac{\pi\cdot 2^{n}}{2^{N/2}}$ and $G(n, N)=F(n, N) \cdot\frac{2^{n+(N-1)/2}}{h^{\mathit{2}n+N+1}}18^{\cdot}$
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Next we give an expression of the $L_{2}$-norm of a degrce $k$ polynomial $f\in \mathcal{P}_{k}(M(n+1, C)$
with respect to a measure $e^{-h\sqrt{||A||}}||A||^{N}\Omega \mathrm{c}$ :
$\int_{\mathrm{X}_{\mathrm{C}}}|f(A)|^{2}e^{-h\sqrt{||A||}}||A||^{N}\Omega_{\mathbb{C}}$
(5.5) $= \frac{2}{h^{2n+2N}}\cdot\int_{\Sigma(\mathbb{C})}|f(\sigma)|^{2}dv_{\Sigma(\mathbb{C})}(\sigma)\cdot\frac{\Gamma(4k+2n+2N)}{h^{4k}}$ .
From thcse wc have
Theorem 5.2. Let $h_{S}=h_{\mathbb{C}}>0$ and $N_{S}=2 \mathit{1}\mathrm{V}_{\mathbb{C}}-\frac{1}{2}$ with $N\mathrm{c}>-n,$ $N_{S}>-2n-1$ , then
the map
$\alpha^{*}:$ $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}},$ $dm_{(h\mathrm{c}N\mathrm{c})(A))},arrow \mathcal{H}^{2}(\mathrm{X}_{S}, dm_{(h_{S},N_{S})}(u, v))$
is continuous, and the image $\alpha^{*}(\mathcal{H}^{2}(\mathrm{X}_{\mathrm{C}}, dm_{(h_{\mathbb{C}},N_{\mathrm{C}})}))$ is a closed subspace of
$\mathcal{H}^{2}(\mathrm{X}_{S},$ $dm_{(hs^{N}s)(u,v))},\cdot$
Proof. The square root of the ratio of (5.4) by (5.5) does not depend on the poly-
nomials $f\in\prime p_{k}(\mathrm{X}_{\mathbb{C}})$ , and so it equal to the norm $||\alpha_{|\mathcal{P}_{k}(\mathrm{X}_{\mathrm{C}})}^{*}||$ of the operator $\alpha^{*}$ re-
stricted on each subspace $P_{k}(\mathrm{X}_{\mathbb{C}})$ , which maps $\prime p_{k}(\mathrm{X}_{\mathbb{C}})$ onto the subspac$e\mathcal{P}_{2k}(\mathrm{X}_{S})\subset$
$\mathcal{H}^{\mathit{2}}(\mathrm{X}_{S}, dm_{(h_{S},N_{S})}(u, v))$ , we know that $\lim_{karrow\infty}||\alpha_{|P_{k}(\mathrm{X}_{\mathrm{C}})}^{*}$ Il is finite and non-zero by applying
Stirling formula of the Gamma function, when $h_{S}=h_{\mathbb{C}}$ and $N_{S}=2N_{\mathbb{C}}- \frac{1}{2}$ .
Again let $f\in \mathcal{P}_{k}(M(n+1, C))$ , then
Proposition 5.3. The pull-back of the function $f$ by the map $\alpha,$ $\alpha^{*}(f)(u, v)$ , is a 2k-
degree polynomial on $C^{n+1}\cross \mathbb{C}^{n+1}$ , and the function
$B_{(h,N;2k)}^{S}(\alpha^{*}(f))(x’, x’’)$
$= \int_{\mathrm{X}_{S}}\alpha^{*}(f)(u, v)(<x’,\overline{u}>+<x’’,\overline{v}>)^{2k}e^{-h\sqrt{||u||^{2}+||v||^{2}}}(||u||^{2}+||v||^{2})^{\frac{N}{2}}\Omega_{S}(u, v)$
is a $U(1)$ -invariant harmonic function. So that, its de.scend to $P^{n}\mathbb{C}(\iota ve$ denote its by
$\overline{B_{(h,N;2k)}^{S}}(f))$ is an $eigenfunction\in F_{k}^{\mathbb{C}}\lrcorner$ of the Laplacian on $P^{n}C$ . (It does not coincides
with $B_{(hN;k)}^{\mathbb{C}},,’(f).)$
Conversely, let $g(x)\in S_{2k}(C^{n+1})$ be a harmonic polynomial of the variables $p_{i}\overline{p}\cdot$ , i.e. it
$g$
can be descended to the complex projective space, then
Proposition 5.4.
$A_{2k}^{S}(g)(u, v)= \int_{S^{2n+1}}g(x)(<x’,$ $u>+<x’’,$ $v>)^{2k}dvol_{S}$
can be descended to Xc, that is, $A_{2k}^{S}(g)$ is invariant under the action $(\mathit{4}\cdot \mathit{2})$ .
Theorem 5.5. Let $N_{S}=2N_{\mathbb{C}}-1/2,$ $N_{\mathbb{C}}>-n$ , then the $operat_{\text{ }}or$
$T_{(h/2,N\mathrm{c}-(n+1\rangle/4)}^{S}\circ\alpha^{*}:$ $\mathcal{H}^{2}(\mathrm{X}_{\mathbb{C}}, dm_{(h,N\mathrm{c})}(A))arrow L_{2}(P^{r\iota}\mathbb{C})$
is an isomorphism and the operator
$T_{(h/2,N\mathrm{c}-(n+1)/4)}^{S}\mathrm{o}\alpha^{*}\mathrm{o}T_{(h/2,N\mathrm{c}/2-n/4)^{-1}}^{\mathrm{C}}$
is a zeroth order elliptic
$pseudo- diffe,rent_{\text{ }}ia\iota_{1}o_{9}pero,tor$ in $L_{1,0}^{0}(P^{r\iota}C)$ .
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Here thc function $T_{(’\iota/\mathit{2},N_{\mathrm{C}}-(n+1)/4)}^{S}\circ\alpha^{*}(f)$ should be understood as a function desccndcd
to complex projective space according to Proposition 5.3.
Remark 5.6. Although the determinations of the values $N_{S}$ and $N_{\mathbb{C}}$ (also $h_{S}$ and $h_{\mathbb{C}}$ )
by pairing polarizations (cf. [Ra2] and [FY]) are done independently in each case, they
satisfy the relation above.
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